A number of classical inequalities and convergence results related to Fourier coefficients with respect to unbounded orthogonal systems are generalized and complemented. All results are given in the case of Lorentz-Zygmund spaces.
Introduction
Let q ∈ (1, +∞), r ∈ (0, +∞) and α ∈ R. Moreover, let L q,r (log L) α denote the Lorentz- 1] f (x) < ∞.
We consider an orthogonal system {ϕ n } in L 2 [0, 1] such that 
for some s ∈ (2, +∞]. Here M n ↑ and M n ≥ 1 (see [3] , [4, p. 313] ). An orthonormal system {u n } is called uniformly bounded if there is a constant M > 0 such that u n ∞ ≤ M, ∀n ∈ N . Note that any uniformly bounded system {u n } satisfies condition (1) but the reversed implication is false.
For one variable function Marcinkiewicz and Zygmund [4] proved the following theorems.
Theorem A (see [4] ) Let the orthogonal system {ϕ n } satisfy the condition (1) and 2 ≤ p < s. If the real number sequence {a n } satisfies the condition Theorem B (see [4] ) Let the orthogonal system {ϕ n } satisfy the condition (1), and
Then the Fourier coefficients a n (f ) of the function f ∈ L p [0, 1] with respect to the system {ϕ n } satisfy the inequality
Nowadays there are several generalizations of Theorems A and B for different spaces and systems (see e.g. [5] [6] [7] [8] and the corresponding references).
Here we just mention that Flett [8] generalized this to the case of Lorentz spaces and that Maslov [5] proved generalizations of Theorem A and Theorem B in Orlicz spaces.
The problem concerning the summability of the Fourier coefficients by bounded orthonormal system with functions from some Lorentz spaces were investigated e.g. by Stein [9] , Bochkarev [10] , Kopezhanova and Persson [11] and Kopezhanova [12] (cf. also Persson [13] ).
Moreover, Kolyada [6] proved the following improvement of Theorem A.
Theorem C (see [6] ) Let an orthogonal system {ϕ n } satisfy the condition (1), let the sequence {a n } ∈ l 2 and ρ n = (
then the series ∞ n=1 a n ϕ n (x) converges in the space L q to some function f ∈ L q and the following inequality holds: f q ≤ C q,s q (a).
This result was further generalized by Kirillov [7] as follows.
Theorem D (see [7] -2) and the sequence {a n } ∈ l 2 satisfies the following condition:
, then the series ∞ n=1 a n ϕ n (x) converges in space L 2 [0, 1] to some function f and the inequality f q,r ≤ C q,r,s q,r (a) holds. (Here μ n and ρ n are defined by (2) .)
The following well-known lemma is used in our proofs.
Lemma E Let 0 < p < ∞, and {a k } ∞ k=0 and {b k } ∞ k=0 are non-negative sequences.
where C is a positive number independent of n.
In this paper we both generalize and complement the statements in Theorems A-D in various ways and always to the case with Lorentz-Zygmund spaces involved. In particular, in Sect. 2 such a generalization of Theorem D (and, thus, of Theorems A and C) is proved (see Theorem 2.1). In Sect. 3 such a complement of Theorem B to the case q < 2 is given (see Theorem 3.1). Finally, in Sect. 4 we present and prove some further results for uniformly bounded systems and give some concluding remarks. In particular, we compare our results with some other recent research. For the reader's convenience we also include a proof of Lemma E in the Appendix.
Generalization of Theorem D
In this section we state and prove the following generalization of Theorem D.
where ρ n and μ n are defined by (2) , then the series
with respect to an orthogonal system {ϕ n } ∞ n=1 , which satisfies the condition (1), converges to some function f ∈ L q,r (log L) α and f q,r,α ≤ C q,r,α .
Corollary 2.2
For the case α = 0, Theorem 2.1 coincides with Theorem D.
Proof Since the sequence {μ n } is increasing, let us define the sequence {ν n } in the following way (see [7] ):
Since t n ↓ 0 for n → +∞, by the property of nonincreasing rearrangement of the function (see [14, p . 83]), we get
and, moreover,
By applying Hölder's inequality we obtain
Therefore,
By using this estimate we find that
Thus, by taking into account the definition of t n , we can conclude that
Since for any ε > 0 the function t -ε ln t ↓ 0 for t → +∞, according to the definition of the numbers ν n , we see that
Now choose the number ε such that
Hence,
Therefore, by Lemma E, we have
Thus, from (6) it follows that
where δ = r
. Since ρ n → 0 for n → +∞, it yields ρ
). Therefore, by changing the order of summation, we get
Since δ > 0 and μ ν n+1 ≥ 2μ ν n , we have
. Hence, by again using Lemma E, from (8) 
By now combining inequalities (7) and (9) we obtain
Next we estimate I 2 . By using Hölder's inequality we find that R * *
Next, by repeating the proof of Eq. (9) we obtain
By combining the inequalities (11) and (12) we have
Moreover, in view of inequalities (10) and (13), from (5) it follows that
in the case α > 0. Since α > 0 and μ n ↑, we see that
Hence, from the inequality (14) it follows that
in the case α > 0. Let α < 0. Then, for any number ε > 0, the function y ε (1 + ln y) rα increases on (1, ∞).
Therefore, by taking into account that μ n ↑, we obtain
Choose ε > 0 such that δ -ε > 0. Since μ δ-ε n ↑, according to the inequality (16), we have
in the case α < 0. Therefore (15) holds also for case α < 0 and the proof is complete. 
where ρ n are defined by (2) , then the series
is an uniformly bounded orthogonal system, we have s = +∞. Therefore
if α ≥ 0. If α < 0, then we choose a number ε such that 0 < ε < (q-2) q . Then, by considering the function (1 + ln t) α t ε ↑ on [1, +∞), we can verify that the inequality (17) holds also for α < 0. Consequently, by Theorem 2.1, the statement is true.
A complement of Theorem B. The case q < 2
In this section we prove a result which was formulated but not proven in [15] . It may be regarded as a complement of Theorem B relevant for a more general situation.
Theorem 3.1 Let s ∈ (2, +∞],
then the inequality
holds, where μ ν n are defined by (2) and a n (f ) denote the Fourier coefficients of f with respect to an orthogonal system {ϕ n } ∞ n=1 satisfying condition (1).
Remark 3.2 Theorem 3.1 was formulated, but not proved, in [15] . Here we present the details of the proof.
Proof Choose an increasing sequence {ν n } of natural numbers such that 
for k = ν n , . . . , ν n+1 -1, n = 1, 2, . . . , and consider a function g ∈ L q ,r (log L) -2 with Fourier
Taking into account that rr = r + r , by Theorem 2.1 and (18), we have
Thus, the function g 0 := C -1 g ∈ L q ,r (log L) -α and g 0 q ,r ,-α ≤ 1. Next, by the property of the norm in the Lorentz-Zygmund space and using equality (19), we get
The proof is complete.
Further results and concluding remarks
In this section we first prove some results which are closely related to but not covered by the results in the previous sections (Propositions 4.1 and 4.2). After that, we present some results of a similar kind (see [11, 12] and Theorem F) and in remarks we point out how these results can be compared with our results in some special cases when such a comparison is possible.
be an uniformly bounded orthogonal system and 2 < q < +∞, α ∈ R and r > 1. If
Proof Since ρ n ↓ 0 when n → +∞, we can choose numbers n 1 = 1,
For any numbers k = 2, 3, . . . , the following inequality holds:
Since
By using (21) and (22), we can obtain the following inequality:
Therefore, from (20) it follows that
when α ≥ 0. If α < 0, then we can choose a number ε which satisfies 0 < ε < q-2 2q
. We note that (1 + ln n) α n ε ↑ and we obtain the following inequality:
By now combining the inequalities (20), (23) and (25), we conclude that (24) holds also for the case α < 0. If r > 2, then, by using Hölder's inequality with θ = r 2 , 1 θ
Since 2 < q, we have 1 + θ (
for k = 2, 3, . . . . From inequalities (26) and (27), we can derive the following inequality:
for k = 2, 3, . . . , in the case of 2 < r < ∞. Now, by combining (26) and (28), we obtain the following inequality:
in the case of 2 < r < ∞, 0 < α < ∞. Since
in the case 2 < r < ∞, 0 < α < ∞. Furthermore,
in the case 2 < r < ∞, 0 < α < ∞. If α < 0, then we choose a number ε which satisfies 0 < ε < q-2 2q
. By using the Hölder inequality, we obtain (θ = r 2 , 1 θ
According to the choice of the number ε it shows that
Therefore (as in the case of α > 0) we obtain the following inequality:
for k = 2, 3, . . . . Thus, in view of (32) and (33), the following inequality holds:
for the case of 2 < r < ∞, α < 0. Hence, we can consider the function (1 + ln n) α n ε 2 ↑, and from the inequality (24), we obtain the following inequality:
for the case of 2 < r < ∞, α < 0. Thus, it follows from inequalities (30), (31) and (34) that
and the proof is complete.
Our next result reads as follows.
Proposition 4.2 Let {ϕ
be an uniformly bounded orthogonal system, 2 < q < +∞, α ∈ R and r > 0. If |a n | ↓ 0, n → ∞, {a n } ∈ l 2 and
Proof It is easy to see that 
Here the constants c 1 and c 2 do not depend on f .
In the case of λ(y) = y 1-1 q (log(2y)) α , α ∈ R, from part (b) of Theorem F we obtain the following assertion. 
